Abstract. We construct a canonically defined affine connection in subRiemannian contact geometry. Our method mimics that of the LeviCivita connection in Riemannian geometry. We compare it with the Tanaka-Webster connection in the three-dimensional case.
Introduction
Let M be a contact manifold with contact distribution H. Necessarily, the dimension of M is odd. The 3-dimensional case is special and we shall often concentrate our discussion on this case. For example, as observed in [5] , the notion of a sub-Riemannian structure in this case coincides with Webster's notion of a pseudo-Hermitian structure [9] . From this point of view, there is the well-known Tanaka-Webster connection [8, 9] , a canonically defined affine connection on pseudo-Hermitian manifolds in all dimensions but, in particular, on sub-Riemannian manifolds in dimension 3. We shall discuss this connection in detail §5 and compare it with what we constructed earlier in §4. There is yet another natural connection for sub-Riemannian contact structures due to Morimoto [6] . In contrast to the canonical connection we construct in §4, this one requires 'constant symbol,' which is however a vacuous condition in dimension 3.
We admit right away that our aim here is not to discuss 'the equivalence problem' for sub-Riemannian contact structures in the sense of Cartan nor study 'Jacobi curves' in sub-Riemannian geometry the sense of Agrachev and Zelenko [1] . Instead, our more modest aim is to discuss and construct connections and partial connections (where, in the first instance, one differentiates only the H-directions) as an invariant calculus in sub-Riemannian contact geometry, closely mimicking the construction of the Levi-Civita connection in the Riemannian setting.
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Generalities on contact manifolds
Let M be a smooth manifold with tangent bundle T M → M and suppose H ⊂ T M is a codimension 1 smooth subbundle. Equivalently, and this is our preferred point of view, we are given a smooth line subbundle L ⊂ ∧ 1 , where ∧ 1 = T * M is the bundle of 1-forms on M. Thus, we have dual exact
2.1. The Levi form. The sequence (1) induces a short exact sequence
is the exterior derivative. From the Leibniz rule, it follows that the composition
is a homomorphism of vector bundles.
(It is the obstruction to the integrability of H.)
is nowhere vanishing, non-degeneracy of the Levi form is equivalent to
where 2n + 1 is the dimension of M.
Definition 2.3. On a smooth manifold of dimension 2n + 1, a contact form is a smooth 1-form θ such that θ ∧ (dθ) n = 0.
Remark 2.1. Some authors define a contact manifold as a smooth manifold equipped with a contact form. In this article, however, a contact form is an extra choice.
Partial connections.
On a contact manifold it is natural to consider differentiation in the contact directions, i.e. along H. According to (1) , this is equivalent to considering the composition both of which satisfy a Leibniz rule, e.g.
Definition 2.5. The difference between the two differential operators in (2) is called the partial torsion τ H of ∇ H . The Leibniz rule implies that it is a homomorphism of bundles, equivalently 
H and so we may always adopt such a modification to ensure that ∇ H is partially torsion-free, as required.
Remark 2.5. The remaining freedom in choosing a partially torsion-free connection on ∧ 1 is ∇ H → ∇ H − Γ H , where
is arbitrary. Now let us suppose that θ ∈ Γ(L) is nowhere vanishing. Such a contact form may be used to effect a number of normalisations. Firstly, the line bundle L is trivialised. Secondly, a vector field T , called the Reeb field, may be uniquely characterised by
Consequently, the short exact sequence (1) splits and we may write
Equivalently, we may identify ∧ 1 H as a subbundle of ∧ 1 by means of
H as a subbundle of ∧ 2 by means of
In particular, the 2-form dθ may be viewed as a section of ∧ on the contact distribution H. In any case, we may use the splitting (4) to insist that a partial connection on ∧ 1 have the form
H . The form of ∇ H ensures that its partial torsion lies in ∧ 2 H ⊗ H. Therefore, if we argue as in the proof of Lemma 2.1 to remove the remaining partial torsion, then we have shown the following: Proposition 2.2. If a contact form θ is used to split the 1-forms as
then we may find partial connections on ∧ 1 of the form (5) and free from partial torsion. The remaining freedom in choosing such connections is
Remark 2.6. The connection dual to (5) has the form
In particular, it follows that
Evidently, these two conditions are sufficient to guarantee that a partial connection on ∧ 1 have the form (5) and Proposition 2.2 may be invariantly reformulated as follows.
Theorem 2.1. If θ is a contact form with associated Reeb field T , then we may find partial connections on the (co-)tangent bundle such that
where (dθ) H is the image of dθ under the composition
The freedom in choosing such a partial connection lies in Γ(
Remark 2.7. Theorem 2.1 bears a striking similarity to the usual story for connections on the (co-)tangent bundle in which torsion-free connections are free up to Γ( 2 ∧ 1 ⊗ T M). This appealing feature is one of our reasons for advocating the construction in this article.
Sub-Riemannian contact geometry
A sub-Riemannian contact structure on a smooth manifold M is a contact distribution H ⊂ T M equipped with a positive-definite symmetric form g :
2 H → R. We do not suppose any particular compatibility between g and the Levi form. For any chosen contact form θ ∈ Γ(L) ⊂ Γ(∧ 1 ), however, we can chose a local co-frame for H in which g ∈ Γ(
2 ∧ 1 H ) and Ω = dθ ∈ Γ(∧ 2 H ) are simultaneously represented by the matrices
Proposition 3.1. Locally, we can always choose a contact form θ so that
With this normalisation θ is then determined up to sign.
Proof. Replacing θ byθ = λθ, for λ a nowhere vanishing smooth function, gives dθ = λdθ +dλ∧θ but, since θ vanishes on H, as far as ∧ 2 H is concerned we find thatΩ = λΩ. The stated normalisation and freedom are clear.
Remark 3.1. If M is three-dimensional, this normalisation asserts that λ 1 = ±1 and a choice of sign corresponds to a choice of orientation for H. In this case, we may define an endomorphism J : H → H by
and our normalisation asserts that J 2 = −Id. Thus, we have obtained a CR structure. Conversely, every pseudo-Hermitian structure in the sense of Webster [9] arises in this way. More precisely, we have shown the following (as already noted in [5] ). Proposition 3.2. In three dimensions, an oriented sub-Riemannian contact structure is equivalent to a CR structure with a choice of contact form.
Remark 3.2. Without the contact form, a three-dimensional CR structure coincides with an oriented 'sub-conformal' contact structure (as in [5] ).
Construction of the partial connection
The existence and uniqueness of the Levi-Civita connection in Riemannian geometry is based on the algebraic fact that, for any finite-dimensional vector space V , the composition
is an isomorphism. The same algebra underlies the following construction. • ∇ H T = 0,
where θ is any local contact form normalised as in Proposition 3.1 and T is its associated Reeb field.
Proof. The only freedom in θ is to change its sign. Evidently, such a change respects the characterising properties of ∇ H so it suffices to work locally, choose θ, and employ Theorem 2.1 to find a global connection with the first three of our required properties and with remaining freedom
If we use the sub-Riemannian metric g to identify H with its dual ∧ 1 H , and write σ :
H for the isomorphism (7), then∇
and so∇ H g = 0 if and only if Γ H = 1 2 σ −1 ∇ H g, which shows both existence and uniqueness from our final requirement.
Other constructions
As noted in [5] and echoed in Proposition 3.2, sub-Riemannian geometry in dimension 3 coincides with Webster's pseudo-Hermitian geometry [9] . For completeness, we briefly recount the story in higher dimensions as follows.
Definition 5.1. Suppose M is a smooth manifold of dimension 2n + 1. An almost CR structure on M is a vector sub-bundle H ⊂ T M of rank 2n with an endomorphism J : H → H such that J 2 = −Id.
Definition 5.2. An almost CR structure is said to be non-degenerate if H is a contact distribution.
Definition 5.3. An almost CR structure is said to be partially integrable if and only if the L * -valued form L(X, JY ) on H is symmetric. Equivalently, for any contact form, the C-valued form
on H is Hermitian (and, in this case, non-degeneracy of the CR structure is equivalent to non-degeneracy of this Hermitian form).
It is observed in [3, p. 414 ] that partial integrability is implied by the more usual condition of integrability, which may be defined as follows. Proof. Using Ω(X, JY ) as a sub-Riemannian metric and using J to orient H, it is clear in the co-frames (6) that CR geometry corresponds exactly to the case λ 1 = · · · = λ n = 1.
The Tanaka-Webster connection.
Since it is only in 3 dimensions that pseudo-Hermitian geometry coincides with sub-Riemannian geometry, we shall confine our discussion to this case. The construction [8, 9] of this canonical connection, written from the sub-Riemannian point of view, is as follows. Choose, a local co-frame θ, e 1 , e 2 on M such that (8) dθ = e 1 ∧ e 2 and Je 2 = e 1 .
Notice that such a co-frame is determined up to
for an arbitrary smooth function φ.
Lemma 5.1. There is a smooth 1-form ω and smooth functions A and B uniquely characterised by
Proof. At each point, there are seemingly 6 equations here for 5 unknowns, namely the 3 coefficients of ω together with A and B. However, there is one relation namely
which is exactly as required by the right hand side of (10).
Notice that if we change our co-frame according to (9) , then
where (11)ω = ω − dφ and Â B = cos 2φ − sin 2φ sin 2φ cos 2φ
Theorem 5.1 (Tanaka-Webster). The connection on ∧ 1 given by
in any chosen co-frame, does not depend on this choice.
Proof. There is no choice in θ. Otherwise, the required invariance follows by straightforward computation fromω = ω − dφ.
We shall now use the co-frame θ, e 1 , e 2 and its structure equations (10) to
• compute the torsion of the Tanaka-Webster connection,
• compute the curvature of the Tanaka-Webster connection,
• compute the partial connection of Theorem 4.1,
• promote it to a full connection via Proposition 2.1,
• and compare these two connections.
5.1.1. Tanaka-Webster torsion. The torsion of any connection on ∧ 1 is the difference between d : ∧ 1 → ∧ 2 and the composition
According to (10), for the Tanaka-Webster connection, this is θ → e 1 ∧ e 2 , e 1 → Aθ ∧ e 1 + Bθ ∧ e 2 , e 2 → Bθ ∧ e 1 − Aθ ∧ e 2 , the first of which is just the Levi form and the rest may be written as
Its invariance under change of co-frame (9) is equivalent to the second part of (11), which, for these purposes may be better rewritten as ÂB
In the standard expositions, the torsion is usually presented as a complexvalued quantity, equivalent to A + iB.
5.1.2.
Tanaka-Webster curvature. The curvature of a general connection
Therefore, we may compute, according to (12) , that
In other words, the curvature is determined by dω. Its invariance is clear from the first equation of (11). In fact, the curvature provides only one new scalar quantity, namely dω ∧ θ, since dω ∧ e 1 and dω ∧ e 2 may be determined in terms of the torsion by differentiating the structure equations (10). It is traditionally captured by the real-valued function R determined by
5.2. The partial connection. The same co-frame (8) may also be used to compute the partial connection. The characterising properties (3) of the Reeb field T show that it is, equivalently, determined by
whence the co-frame {θ, e 1 , e 2 } is compatible with the splitting (4). More specifically {e 1 , e 2 } spans ∧ 1 H ֒→ Λ 1 and θ trivialises L ⊂ ∧ 1 . Therefore, if we consider the partial connection ∇ H on ∧ 1 defined by
where ω is defined by (10) and ω H is its image in ∧ 1 H , then we ensure that it has the form (5) and is free from partial torsion, as required by Theorem 4.1. Finally,
and all characterising properties of Theorem 4.1 are satisfied. Thus, apart from a minor modification whereby ∇ H θ = dθ replaces ∇θ = 0, the partial connection of Theorem 4.1 is induced by the Tanaka-Webster connection.
5.2.1. Promotion of the partial connection. We shall now take the partial connection defined by (15) and promote it to a full connection on ∧ 1 in line with Proposition 2.1. The general lift of (15) to a full connection is defined by ∇θ = θ ⊗ α + e 1 ⊗ e 2 − e 2 ⊗ e 1 ∇e 1 = θ ⊗ β + ω ⊗ e 2 ∇e 2 = θ ⊗ γ − ω ⊗ e 1 for 1-forms α, β, γ and if we now compute the composition
for this lift, we find that
in accordance with (10), and then e 1 → e 1 ∧ e 2 ⊗ β + (dω) H ⊗ e 2 e 2 → e 1 ∧ e 2 ⊗ γ − (dω) H ⊗ e 1 .
Therefore, we are obliged to take α = 0 and β = −Re 2 and γ = Re 1 , where (dω) H = R e 1 ∧ e 2 . In summary, our promoted connection is given by (16) ∇θ = e 1 ⊗ e 2 − e 2 ⊗ e 1 ∇e 1 = (ω − R θ) ⊗ e 2 ∇e 2 = (R θ − ω) ⊗ e 1 where R is the Tanaka-Webster curvature determined by (14).
5.3.
Comparison. We may compare the promoted connection (16) with Tanaka-Webster. From (12) and (8) we find that their difference tensor, as a homomorphism ∧ 1 → ∧ 1 ⊗ ∧ 1 , is given by
where R is the Webster-Tanaka curvature (14) and the 1-forms are split by the Reeb field corresponding to θ.
Remark 5.1. Recall that the two basic invariants of pseudo-Hermitian geometry are the torsion (13) and curvature (14). Finally, we remark that if we compute the full torsion of our promoted connection (16), then we find θ → 0 and e 1 e 2 −→ θ ∧ A B + R B − R −A e 1 e 2 .
In this formula we see the basic invariants appearing together.
Remark 5.2. For any strictly pseudo-convex pseudo-Hermitian structure (in any dimension) there is, apart from the Tanaka-Webster connection, yet another canonical affine connection, namely the associated Weyl connection defined as in [3] . As partial connections on ∧ 1 they coincide, but as full connections they differ as computed in [3, Theorem 5.2.13]. In dimension 3 their difference tensor is simply a constant multiple of σ ρ → R θ ⊗ Jσ 0 .
